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Abstract
We consider double and (possibly) branched coverings pi : X → X ′ between real algebraic curves where X is hyperelliptic.
We are interested in the topology of such coverings and also in describing them in terms of algebraic equations. In this article we
completely solve these two problems. We first analyse the topological features and ramification data of such coverings. Second, for
each isomorphism class of these coverings we then describe a representative, with defining polynomial equations for X and for X ′,
a formula for the involution that generates the covering transformation group, and a rational formula for the covering projection
pi : X → X ′.
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1. Introduction
There exists an extensive literature dealing with double, branched coverings pi : S → S′ where S and S′ are
compact Riemann surfaces (or complex algebraic curves) of genus at least two, and S′ is hyperelliptic. The study of
this type of coverings started with the unbranched case. Maclachlan [14] showed that S need not be hyperelliptic.
The same result was proved by Farkas [10]. Afterwards Bujalance [5], see also Farkas [11], proved that S is
p-hyperelliptic for some integer p ≥ 2 and calculated the number of such coverings in terms of p. Being
p-hyperelliptic means that S occurs as a branched double covering of some surface S of genus p. Fuertes and
Gonza´lez-Diez [12] proved that S is hyperelliptic and gave algebraic equations for it in terms of the ones of S′.
Moreover, also algebraic equations of S are provided since S is the fiber product of S′ and S over the Riemann sphere.
Recently, Ballico and Keem [4] have obtained several properties of varieties of special linear systems on double
coverings of hyperelliptic compact Riemann surfaces. These results can be understood as the counterpart, for very
special curves, of the ones obtained for general curves (in the sense of Brill–Noether) by the same authors in [3].
We shall be studying coverings of Klein surfaces (or real algebraic curves). To be precise, in this paper we solve in
its full generality the problem of classifying, up to dianalytic equivalence in both the domain and the codomain, all the
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double, branched coverings pi : X → X ′, where X is a hyperelliptic, compact, Klein surface of algebraic genus at least
two, and to get all their topological features and ramification data. It follows from a theorem of Martens [15] that the
surface X ′ is also hyperelliptic; we provide two independent proofs of this fact in Lemmas 2.1 and 3.1. For simplicity,
X ′ will be assumed to have algebraic genus at least two, although our results hold even without this condition, see 3.9.
Branched coverings between hyperelliptic Klein surfaces have received less attention than those between Riemann
surfaces; in fact, only unbranched coverings have been studied until now. It is worth mentioning that Kani [13]
classified unbranched double coverings of a hyperelliptic Klein surface, extending previous results in [7]. In none
of these papers the coverings are described by means of algebraic equations.
The paper is organized as follows. In Section 2 we study double, branched coverings pi : X → X ′ from the
combinatorial point of view. In the statements of Theorems 2.6 and 2.8–2.10, the topological type of X ′ is given
in terms of the one of X . Further, the proofs provide us also with information about the ramification data of the
covering.
It is well known that there exists a functorial equivalence between compact Klein surfaces and real algebraic curves,
see [2]. These last are the objects we deal with in Section 3, where we explicitly construct algebraic models of each
dianalytic equivalence class of a double covering between hyperelliptic real algebraic curves. This means to provide
defining polynomial equations of both X and X ′, the formulae of the involution u such that X ′ = X/〈u〉, and a rational
formula for the covering projection pi . These are contained in Theorems 3.4 and 3.6, which are the main results of this
section.
A Klein surface is a connected topological surface possibly with boundary together with an atlas whose transition
functions are dianalytic, that is, either analytic or antianalytic; see [2, Section 1.2]. Recall that a function is antianalytic
if its composite with complex conjugation is analytic. If S is a compact Riemann surface and τ is a symmetry of S,
that is, an antianalytic involution of S, then S/〈τ 〉 is a Klein surface. Moreover, every Klein surface arises in this way,
see [2, Section 1.6].
A compact Klein surface X is hyperelliptic if it admits an involution h such that the quotient X/〈h〉 is either the
closed disc or the projective plane, see [7].
2. Combinatorial approach
The combinatorial approach to be developed in this section relies on the theory of noneuclidean crystallographic
(NEC in short) groups. These are discrete cocompact subgroups of the isometry group of the hyperbolic plane U. The
basic facts of this theory which will be used in this paper can be found, e.g. in [8, Chapters 0,1]. We recall here some
of them to fix notations.
The signature σ(∆) of an NEC group ∆ is a collection of symbols and nonnegative integers of the form
σ(∆) = (γ ;±; [m1, . . . ,mr ]; {(n11, . . . , n1s1), . . . , (nk1, . . . , nksk )}).
The integer γ is the topological genus of the quotient surfaceU/∆, and the sign “+” or “−” appears according toU/∆
being orientable or not. The projection U → U/∆ has r interior branch points, say q1, . . . , qr ∈ U/∆. The integer
mi is the branching order at qi of the projection U → U/∆. The boundary of U/∆ has k connected components, and
n j1, . . . , n js j are the branching orders at the s j branch points of U → U/∆ lying on the j-th boundary component
of U/∆. The algebraic genus g of the compact Klein surface U/∆ is defined as g = 2γ + k − 1 if U/∆ is orientable
and g = γ + k − 1 otherwise. It coincides with the topological genus of the complex double cover of U/∆, see
[2, Section 1.6].
On the other hand, the signature σ(∆) provides a presentation of ∆ as an abstract group. It has generators
x1, . . . , xr (elliptic elements), ci j for 1 ≤ i ≤ k, 1 ≤ j ≤ si + 1 (reflections), e1, . . . , ek (orientation preserving
elements), a1, b1, . . . , aγ , bγ , (hyperbolic elements in case “+”), d1, . . . , dγ (glide reflections in case “−”), and
defining relations:
• xmii = 1, for1 ≤ i ≤ r;
• eicisi+1 = ci0ei and c2i j−1 = c2i j = (ci j−1ci j )ni j = 1;
• x1 · · · xre1 · · · eka1b1a−11 b−11 · · · aγ bγ a−1γ b−1γ = 1( in case “+ ”);
• x1 · · · xre1 · · · ekd21 · · · d2γ = 1( in case “− ”).
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A set of generators as the above is called a canonical set of generators of ∆. The integers m1, . . . ,mr are the
proper periods of σ(∆), and n j1, . . . , n js j are the link periods of the j-th period cycle of σ(∆). When k = 1 the first
subindex of ci j and ni j is omitted. A surface NEC group is an NEC group with no nontrivial orientation preserving
elements of finite order. In such a case, we write its signature as (γ ;±; [−]; {(−), k. . ., (−)}). As a consequence of
Riemann uniformization theorem, any compact Klein surface of algebraic genus bigger than one can be written as
U/Γ where Γ is a surface NEC group.
The topological type top(X) of a compact Klein surface X , which classifies X up to homeomorphism, is defined
to be the triple (g, k, ε) where
• g is the algebraic genus of X,
• k is the number of its boundary components, and
• ε = +1 if X is orientable, and ε = −1 otherwise.
A triple (g, k, ε) is the topological type of a compact Klein surface if and only if it satisfies the following conditions
• 1 ≤ k ≤ g + 1 and k + g odd if ε = +1;
• 0 ≤ k ≤ g if ε = −1.
Not all such triples occur as the topological type of some hyperelliptic Klein surface; although there are no extra
restrictions if ε = −1, in case ε = +1 then necessarily k = 1, 2 or g + 1.
Throughout this section, X will be a hyperelliptic compact Klein surface of topological type (g, k, ε), with g ≥ 2.
Let us write X = U/Γ where Γ is a surface NEC group. The hyperellipticity of X is characterized in [7] by the
existence of an NEC group Γh containing Γ as a subgroup of index 2 such that the algebraic genus of the quotient
U/Γh equals zero. The quotient Γh/Γ is generated by the hyperelliptic involution h of X . Such a group Γh , which is
unique, is called the hyperellipticity group of X.
Let pi : X → X ′ be a double branched covering. The covering transformation group 〈u〉 is a group of
automorphisms of X , and so we may write 〈u〉 = Γ ′/Γ for some NEC group Γ ′ containing Γ as a subgroup of
index 2. Note that X ′ = X/〈u〉 = U/Γ ′ and so Γ ′ uniformizes X ′ although Γ ′ is not necessarily a surface group.
Assume for a while that Γh ⊆ Γ ′. In this case the groups Γh/Γ = 〈h〉 and Γ ′/Γ = 〈u〉 coincide, and so the
covering pi : X → X ′ is nothing else but the well-studied 2:1 morphism characterizing the hyperellipticity of X . So
we will assume from now on that Γh 6⊂ Γ ′, that is, the involution u does not coincide with the hyperelliptic involution
h of X.
Since Γ is a normal subgroup of Γ ′ and h is a central element in the automorphism group of X , it follows readily
that the product Γ ′Γh is a group. We will denote it by Γ ′h . Notice that Γ is a normal subgroup of Γ ′h since it is normal
in both Γ ′ and Γh . Throughout the paper, C2 = {0, 1} will denote the group of order 2.
Lemma 2.1. With the above notations, the following holds:
(i) The group Γ ′h contains both Γh and Γ ′ as subgroups of index 2.
(ii) The quotient surface U/Γ ′h has algebraic genus 0. In particular, the surface X ′ = U/Γ ′ is hyperelliptic.
(iii) The unique epimorphism η′ : Γ ′h → C2 with ker η′ = Γ ′ extends the unique epimorphism η : Γh → C2 with
ker η = Γ .
Proof. Since Γ ⊆ Γ ′ ∩ Γh Γh and [Γh : Γ ] = 2, we have Γ ′ ∩ Γh = Γ . Thus,
Γ ′h
Γh
= Γ
′Γh
Γh
' Γ
′
Γ ′ ∩ Γh =
Γ ′
Γ
' C2.
On the other hand, let us write Γh = Γ ∪ Γw, with w 6∈ Γ . Multiplying by Γ ′ yields Γ ′h = Γ ′Γh = Γ ′ ∪ Γ ′w, which
proves the second part in (i) because, being Γ ′ ∩ Γh = Γ , it is w 6∈ Γ ′. As to the claims in (ii), we have a covering
of Riemann surfaces U/Γ+h → U/(Γ ′h)+, where Γ+h and (Γ ′h)+ are the subgroups of orientation preserving elements
of Γh and Γ ′h respectively. Since U/Γ
+
h has genus zero, also U/(Γ
′
h)
+ has genus zero, which means that the Klein
surface U/Γ ′h has algebraic genus zero. In particular, since U/Γ ′h = X ′/〈Γ ′w〉 and h′ = Γ ′w is an involution, we
conclude that X ′ = U/Γ ′ is hyperelliptic.
Finally, to show (iii), let us write again Γh = Γ ∪ Γw, with w 6∈ Γ . Let x be an element in Γh . If η(x) = 0 then
x ∈ ker η = Γ ⊂ Γ ′ = ker η′ and so also η′(x) = 0. If η(x) = 1 then x 6∈ Γ and so also x 6∈ Γ ′, i.e. η′(x) = 1. 
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For each branched double covering pi : X → X ′ we will express the topological type top(X ′) = (g′, k′, ε′) of
X ′ in terms of the topological type top(X) = (g, k, ε) of X . Observe that, as natural restrictions, we have k′ > 0
whenever k > 0 since the covering projection pi : X → X ′ is a morphism of Klein surfaces, see [2, Section 1.4], and
2g′ ≤ g + 1 by Hurwitz–Riemann formula.
The next proposition shows that the topological type of X is closely related to the signature σ(Γh) of the
hyperellipticity group of X . This last was calculated in [6] for unbordered X and in [7] otherwise. We recall here
these results and fix some notations to be used along this section.
Proposition 2.2. Let X be a hyperelliptic compact Klein surface of topological type (g, k, ε). Then the signature σh
of its hyperellipticity group Γh is the following:
• If k = g + 1 then σh = σ 1h = (0;+; [−]; {(2, 2g+2. . . , 2)}).
• If ε = +1 and 1 ≤ k ≤ 2 then σh = σ 2h = (0;+; [2, g+1. . . , 2]; {(−)}).
• If ε = −1 and k ≥ 1 then σh = σ 3h = (0;+; [2, g+1−k. . . , 2]; {(2, 2k. . ., 2)}).
• If ε = −1 and k = 0 then either σh = σ 2h or σh = σ 4h = (1;−; [2, g+1. . . , 2]; {−}), the second one just if g is odd.
Observe that the topological meaning of σh says that X is a double covering of the closed disc unless σh = σ 4h , in
which case X is a double covering of the projective plane.
Our goal is to determine the topological type of the surface X ′ = U/Γ ′ and to that end it suffices to calculate
the signature of the NEC group Γ ′. We will use the results in Sections 2.1, 2.2 and 2.3 in [8] to compute the sign,
the proper periods and the cycle periods, respectively, of σ(Γ ′). We need to consider several cases, but there exists a
general procedure which can be divided into four steps. Using the notations above, it can be summarized as follows:
2.3. How to determine the topological type of the surface X ′.
• The first step is to obtain the signature σ ′h of the hyperellipticity group Γ ′h of X ′.• The second one is to calculate a canonical set of generators of Γh induced by a canonical set of generators of Γ ′h .• We then compute the images under the epimorphism η : Γh → C2 of the above canonical set of generators.
• Finally, using η and Lemma 2.1 we find its extension η′ : Γ ′h → C2 whose kernel Γ ′ is the NEC group whose
signature we are looking for.
As to the first step notice that the quotient Γ ′h/Γ is an automorphism group of order 4 of the hyperelliptic surface
X . This surface is a double covering of either the closed disc or the projective plane. In the first case, its groups
of automorphisms have been extensively studied in [8, Chapter 6] and [6], where in particular the complete list of
candidates for the signature σ ′h can be obtained. The first step consists in determining which of these candidates do
occur as signatures of our Γ ′h . By inspection of the list one realizes that σ ′h has no link period different from 2 and
no proper period different from 2 or 4. However, one can discard the presence of this last value. Suppose, contrary
to our claim, that some elliptic generator x ′ of Γ ′h has order 4. Then x = x ′2 is an order 2 element of Γh , and so
x 6∈ Γ = ker η because this last is a surface group. However, since η′ extends η we get η(x) = η′(x ′2) = 2η′(x ′) = 0,
a contradiction.
The complete list of all signatures σ ′h are given in the next proposition, where we keep the notations of
Proposition 2.2.
Proposition 2.4. The signature σ ′h of the group Γ ′h has the form
σ ′h = (0;+; [2, µ. . ., 2]; {(2, ν. . ., 2)}) with 2µ+ ν = g + 3 and ν 6= 1. (1)
Moreover, according to the signature σh we are dealing with, the nonnegative integers µ and ν must satisfy the
following extra conditions:
(i) If σh = σ 1h then either µ = 0 or µ = 1.
(ii) If σh = σ 3h , then ν > 1.
(iii) If σh = σ 4h , then µ > 0.
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Proof. Using that no proper period different from 2 can occur, together with [8, Thms. 2.2.4, 2.3.2 and 2.3.3] we get
that σ ′h equals either
(0;+; [2, µ. . ., 2]; {(2, ν. . ., 2)}) or (1;−; [2, ρ. . ., 2]; {−}).
This last might occur just if σh = σ 4h since σ ih with i 6= 4 has period cycles.
In the first case the Hurwitz–Riemann formula applied to the pair of NEC groups (Γ ′h,Γh) yields the desired relation
2µ+ ν = g + 3. Let us prove that ν 6= 1. Otherwise the two reflections c′1 and c′2 of a canonical set of generators of
Γ ′h would be conjugate. Therefore, they would be mapped, under the canonical epimorphism Γ ′h → Γ ′h/Γ , onto the
same element, since this last group is abelian. This would imply the presence of either a proper period or a link period
in the signature of Γ , which is absurd since Γ is a surface group.
Conditions (i) and (ii) in the statement are consequence of [8, Remark 6.2.3]. In order to prove condition (iii) we
begin by discarding the possibility σ ′h = (1;−; [2, ρ. . ., 2]; {−}). The Hurwitz–Riemann formula yields in this case
the relation 2ρ = g + 3. Let {d ′1, x ′1, . . . x ′ρ} be a canonical set of generators of Γ ′h . To obtain the g + 1 = 2(ρ − 1)
elliptic elements of a canonical set of generators of Γh , the epimorphism θ : Γ ′h → C2 whose kernel is Γh must be
induced by the assignment, θ(x ′i0) = 1 for some i0 ∈ {1, . . . , ρ} and θ(x ′j ) = 0 for j 6= i0. Consequently,
θ(d ′1
2 · x ′1 · · · x ′ρ) = 2θ(d ′1)+ θ(x ′1)+ · · · + θ(x ′ρ) = θ(x ′i0) = 1,
and this is absurd because d ′1
2 · x ′1 · · · x ′ρ = 0.
Finally, the inequality µ > 0 in (iii) follows from the existence of a nonorientable word in Γh , see [8, Thm. 2.1.3].

Remark 2.5. The topological meaning of σ ′h yields that the surface X ′ cannot be a double covering of the projective
plane.
We are now in a position to calculate the topological type of X ′ in terms of that of X . The study splits naturally
into different cases according to the topological type of X . We develop in full detail the case of nonorientable Klein
surfaces X with nonempty boundary, that is, Klein surfaces of topological type (g, k,−1) with k ≥ 1. This case
reflects the nature of the general method we use. For the other cases we will omit some repetitive arguments.
Theorem 2.6. Let X be a hyperelliptic, compact, Klein surface of topological type (g, k,−1) with g ≥ 2, k ≥ 1 and
let u be an involution on X different from its hyperelliptic involution. Let pi : X → X ′ be the induced double covering,
where X ′ = X/〈u〉. Then the Klein surface X ′ is hyperelliptic and its topological type is one of the following:
• If g is even: ( g2 , k′, ε′) with 1 ≤ k′ ≤ g2 + 1 and ε′ = −1 unless k′ = g2 + 1.
• If g is odd:
(
g+δ
2 , k
′, ε′
)
with δ ∈ {−1, 1}, 1 ≤ k′ ≤ g+δ2 + 1 and ε′ = −1 unless k′ = g+δ2 + 1.
All these possibilities occur for different actions of u.
Proof. The hyperellipticity of X ′ has been proved in Lemma 2.1. As observed previously, in order to compute its
topological type it suffices to calculate the signature σ(Γ ′) of an NEC group Γ ′ such that X ′ = U/Γ ′. As a first
step, recall that the signature σ ′h of the group Γ ′h has the form (1) in Proposition 2.4. In this case ν > 1 because σ 3h
is the signature of Γh . Let {x ′1, . . . , x ′µ, c′1, . . . , c′ν+1} be a canonical set of generators of Γ ′h . We use it to construct a
canonical set of generators of Γh . Let θ : Γ ′h → C2 be the epimorphism with kernel Γh . It follows from [8, Thms.
2.2.4, 2.3.2, 2.3.3] that, up to automorphism of Γ ′h , it is
θ(x ′i ) = 0 for 1 ≤ i ≤ µ,
θ(c′j ) = 1 for 1 ≤ j ≤ ν − k − 1 and j = ν + 1; θ(c′j ) = 0 otherwise.
This allows us to choose the following canonical set of generators of Γh :
xi = x ′µ−i+1, xµ+i = c′1x ′ic′1 for 1 ≤ i ≤ µ, and x2µ+ j = c′jc′j+1 for 1 ≤ j ≤ ν − k − 2
are chosen to be the elliptic generators, and as reflections we take
c j = c′ν−k+ j−1 for j = 1, . . . , k + 1, and ck+` = c′ν+1ck−`+2c′ν+1 for 2 ≤ ` ≤ k + 1.
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The epimorphism η : Γh → C2 whose kernel is the surface NEC group Γ is induced by
η(xi ) = 1 for 1 ≤ i ≤ g − k + 1 and η(c j )+ η(c j+1) = 1 for 1 ≤ j ≤ 2k,
where the last equality is a consequence of [8, Prop. 2.4.3]. Finally we must define the epimorphism η′ : Γ ′h → C2
whose kernel is Γ ′. Since the restriction of η′ to Γh coincides with η it follows from the above equalities that η′(x ′i ) = 1
for 1 ≤ i ≤ µ and
η′(c′j )+ η′(c′j+1) = 1 for 1 ≤ j ≤ g − k − 2µ+ 1 = ν − k − 2;
η′(c′` )+ η′(c′` +1) = 1 for g − k − 2µ+ 3 = ν − k ≤ ` ≤ ν.
Moreover, since the reflections c′1 and c′ν+1 are conjugate within Γ ′h and C2 is an abelian group, we have η′(c′1) =
η′(c′ν+1). Thus, the epimorphism η′ is completely determined by the values of η′(c′1), η′(c′ν−k−1), η′(c′ν−k) and η′(c′ν).
Let us assume first that µ 6= 0. Then the surface X ′ is nonorientable since there exists an elliptic element x ′ ∈ Γ ′h
and a reflection c′ ∈ Γ ′h such that η′(x ′) = η′(c′) = 1. Whence x ′c′ ∈ Γ ′ is a nonorientable word, and we apply [8,
Thm. 2.1.3].
We now distinguish two subcases according to the value of ν − k. If ν − k 6= 2 then the four reflections
c′1, c′ν−k−1, c′ν−k and c′ν are all different, and this yields 16 epimorphisms η′ = η′I where the multiindex I =
(i1, i2, i3, i4) ∈ {0, 1}4 indicates
η′(c′1) = i1, η′(c′ν−k−1) = i2, η′(c′ν−k) = i3 and η′(c′ν) = i4.
Using [8, Thms. 2.2.4, 2.3.2 and 2.3.3] and the Hurwitz–Riemann formula we obtain the signature σ ′I of the NEC
group Γ ′I = ker(η′I ):
σ ′(0,0,0,0) = (µ;−; [−]; {(−), (ν−6)/2. . . , (−), (2, 2), (2, 2)}),
σ ′(0,0,0,1) = σ ′(0,0,1,0) = σ ′(0,1,0,0) = σ ′(1,0,0,0) = (µ;−; [−]; {(−), (ν−3)/2. . . , (−), (2, 2)}),
σ ′(0,0,1,1) = σ ′(0,1,0,1) = σ ′(1,1,0,0) = (µ;−; [−]; {(−), ν/2. . ., (−)}),
σ ′(0,1,1,0) = σ ′(1,0,0,1) = σ ′(1,0,1,0) = (µ;−; [2]; {(−), (ν−4)/2. . . , (−), (2, 2)}),
σ ′(0,1,1,1) = σ ′(1,0,1,1) = σ ′(1,1,0,1) = σ ′(1,1,1,0) = (µ;−; [2]; {(−), (ν−1)/2. . . , (−)}),
σ ′(1,1,1,1) = (µ;−; [2, 2]; {(−), (ν−2)/2. . . , (−)}).
On the other hand, if ν − k = 2 then the reflections c′1 and c′ν−k−1 coincide, and a similar analysis to the previous
one yields just one more signature σ ′, namely
(µ;−; [−]; {(−), (ν−4)/2. . . , (−), (2, 2, 2, 2)}).
In all cases the number k′ of boundary components of X ′ has the form k′ = ν/2 − ξ for some ξ ∈ {0, 1/2, 1}, with
k′ ≥ 1 because X has nonempty boundary. Moreover, the algebraic genus of X ′ is
g′ = µ+ k′ − 1 = 2µ+ ν − 2(ξ + 1)
2
= g + 1− 2ξ
2
, with 2ξ ∈ {0, 1, 2}
as in the statement.
Finally, if µ = 0 then X ′ is orientable since in this case the nonorientable words in Γ ′h are words with an odd
number of canonical reflections c′j , and such words do not belong to Γ ′. In this case the signatures σ ′ are the above
ones but changing (µ;−) by (0;+). This provides us with the orientable topological types in the statement of the
theorem. 
Remark 2.7. (1) We observe that if the covered surface X ′ is nonorientable then there exists a bound for the number
k′ of its boundary components which just depends on the algebraic genus g and not on the number k of boundary
components of X.
(2) The signature σ ′I of Γ ′ does not only yield the topological type of X ′ but it also contains information about the
ramification data of the covering pi : X → X ′. For instance, with the notations above and if ν − k 6= 2, then just in
the last case I = (1, 1, 1, 1) the projection pi ramifies over two interior points of X ′, whilst pi is unramified if and
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only if either I = (0, 0, 1, 1), (0, 1, 0, 1) or (1, 1, 0, 0). An explicit description of all the ramification data of each
covering pi : X → X ′ can be better achieved when the covering is given by means of algebraic equations. These are
to be obtained in Section 3.
The proofs of the rest of theorems in this section also follow the steps sketched in 2.3 and so we will omit the
details. We just give the list of all signatures σ ′ since, as mentioned in the last remark, they also contain information
about the ramification data of the covering.
We now deal with nonorientable Klein surfaces X with empty boundary. Keeping the above notations we have the
following:
Theorem 2.8. If the topological type of X is (g, 0,−1) then the topological type of X ′ is one of the following:
• If g is even: ( g2 , k′, ε′) with 0 ≤ k′ ≤ g/2+ 1 and ε′ = −1 unless k′ = g2 + 1.• If g is odd:
–
(
g+δ
2 , k
′,+1
)
with δ ∈ {−1, 1}, k′ ∈ {1, 2, (g + δ)/2+ 1} and (g + δ)/2+ k′ odd;
–
(
g+δ
2 , k
′,−1
)
with δ ∈ {−1, 1} and k′ ∈ {0, . . . , (g + δ)/2}.
All these possibilities occur for different actions of u.
Proof. As proved in Proposition 2.2, the signature σh of the hyperellipticity group Γh is either σ 2h or σ
4
h , the second
one just if g is odd. In both cases, the signature σ ′h of the group Γ ′h is
σ ′h = (0;+; [2, µ. . ., 2]; {(2, ν. . ., 2)}) where 2µ+ ν = g + 3 and ν 6= 1,
with µ > 0 if σh = σ 4h , see Proposition 2.4. Following the same steps as in the proof of Theorem 2.6 we obtain the
list of all possible signatures σ ′ of Γ ′. In case σh = σ 2h we have the following:
• If ν = 0 then
((g + 1)/2;−; [2, 2]; {−}), ((g + 3)/2;−; [−]; {−}).
• If ν > 0 and µ = 0 then
(0;+; [−]; {(−), ν/2. . ., (−)}), (0;+; [2, 2]; {(−), (ν−2)/2. . . , (−)}),
(0;+; [2]; {(−), (ν−1)/2. . . , (−)}).
• If ν > 0 and µ > 0 then
(µ;−; [−]; {(−), ν/2. . ., (−)}), (µ;−; [2, 2]; {(−), (ν−2)/2. . . , (−)}),
(µ;−; [2]; {(−), (ν−1)/2. . . , (−)}).
In case σh = σ 4h we have:
• If µ ≥ 2 and ν > 0 then
(µ;−; [−]; {(−), ν/2. . ., (−)}), (µ− 1;−; [2, 2]; {(−), ν/2. . ., (−)}).
• If µ ≥ 2 and ν = 0 then
((g + 3)/2;−; [−]; {−}), ((g − 2+ g)/4;+; [−]; {(−), (5−g)/2. . . , (−)}),
((g + 1)/2;−; [2, 2]; {−}), ((g − g)/4;+; [2, 2]; {(−), (1+g)/2. . . , (−)}),
where g is the nonnegative remainder of the division of g by 4.
• If µ = 1 and ν = g + 1 then
(1;−; [−]; {(−), (g+1)/2. . . , (−)}), (0;+; [2, 2]; {(−), (g+1)/2. . . , (−)}).
These signatures, together with the ones obtained in the case σh = σ 2h , provide us with the full list of topological
types in the statement. 
We study now Klein surfaces X of genus g with the maximum number g + 1 of boundary components. Keeping
the above notations we have the following:
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Theorem 2.9. If the topological type of X is (g, g + 1,+1) then the topological type of X ′ is one of the following:
• If g is even: ( g2 , g2 + 1,+1) .
• If g is odd:
(
g+δ
2 ,
g+δ
2 + 1,+1
)
with δ ∈ {−1,+1}, or
(
g+1
2 ,
g+1
2 ,−1
)
.
All these possibilities occur for different actions of u.
Proof. In this case σh = σ 1h and so µ = 0 or µ = 1 in σ ′h . If µ = 0 then σ ′ is one of the following:
• If g is odd then
(0;+; [−]; {(−), (g−1)/2. . . , (−), (2, 2, 2, 2)}), (0;+; [−]; {(−), (g+3)/2. . . , (−)}),
(0;+; [2, 2]; {(−), (g+1)/2. . . , (−)}).
• If g is even then
(0;+; [−]; {(−), g/2. . ., (−), (2, 2)}), (0;+; [2]; {(−), (g+2)/2. . . , (−)}),
If µ = 1 then we have that σ ′ is either
(0;+; [2, 2]; {(−), (g+1)/2. . . , (−)}) or (1;−; [−]; {(−), (g+1)/2. . . , (−)}). 
We finally consider the case of Klein surfaces of topological type (g, k,+1) with k = 1 or 2.
Theorem 2.10. If the topological type of X is (g, k,+1) then the topological type of X ′ is one of the following:
• If g is even (then k = 1) :(g
2
, k′, ε′
)
with 1 ≤ k′ ≤ g/2+ 1 and ε′ = −1 unless k′ = g/2+ 1.
• If g is odd (then k = 2) :
–
(
g+δ
2 , k
′,+1
)
with δ ∈ {−1, 1}, k′ ∈ {1, 2, (g + δ)/2+ 1} and (g + δ)/2+ k′ odd;
–
(
g+δ
2 , k
′,−1
)
with δ ∈ {−1, 1} and k′ ∈ {1, . . . , (g + δ)/2};
All these possibilities occur for different actions of u.
Proof. Here σh = σ 2h and σ ′ is one of the following:
• If ν = 0 then
((g − 1)/4;+; [−]; {(−), (−)}) , ((g − 1)/4;+; [2, 2]; {(−)}) ,
((g − 3)/4;+; [2, 2]; {(−), (−)}) , ((g + 1)/4;+; [−]; {(−)}) .
• If ν > 0 then
(µ;−; [−]; {(−), (ν−3)/2. . . , (−), (2, 2)}), (0;+; [−]; {(−), g/2. . ., (−), (2, 2)}),
(µ;−; [−]; {(−), (ν−4)/2. . . , (−), (2, 2, 2, 2)}), (0;+; [−]; {(−), (g−1)/2. . . , (−), (2, 2, 2, 2)}),
(µ;−; [−]; {(−), ν/2. . ., (−)}), (0;+; [−]; {(−), (g+3)/2. . . , (−)}),
((g − 3)/4;+; [−]; {(2, 2), (2, 2)}) , ((g − 1)/4;+; [−]; {(2, 2, 2, 2)}) ,
((g + 1)/2;−; [−]; {(−)}) .
Obviously, µ > 0 in the first three signatures. 
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3. Algebraic models
Our goal in this section is to construct algebraic models for the coverings pi : X → X ′ studied in a combinatorial
way in the previous one. To that end, it is profitable to understand Klein surfaces as symmetric Riemann surfaces. A
symmetric Riemann surface, or real algebraic curve, is a pair (S, τ ) where S is a compact Riemann surface and τ is
a symmetry of S, that is, an antianalytic involution τ : S → S. A rational map between two real algebraic curves
(S, τ ) and (S′, τ ′) is a morphism f : S → S′ of Riemann surfaces such that f ◦ τ = τ ′ ◦ f . In particular a covering
(S, τ )→ (S′, τ ′) is a covering of complex curves pi : S → S′ such that pi ◦ τ = τ ′ ◦ pi.
Given a real algebraic curve (S, τ ), the quotient S/〈τ 〉 is a compact Klein surface and the assignment (S, τ ) →
S/〈τ 〉 induces a functorial equivalence between real algebraic curves and compact Klein surfaces, see [2]. Under
this equivalence, the set of all birational automorphisms of (S, τ ) constitutes a group canonically isomorphic to the
automorphism group of the Klein surface S/〈τ 〉.
In what follows we shall use the same term complex algebraic curve to refer to an affine algebraic curve defined
over the field C of complex numbers, its projective nonsingular model and its associated compact Riemann surface.
Of course, we will also use as synonymous the terms real algebraic curve, its projective nonsingular model and its
associated compact Klein surface. This way, giving an algebraic model of a double covering pi : (S, τ ) → (S′, τ ′)
amounts to providing defining polynomial equations for both S and S′, and a polynomial formula for the involution u
that generates the covering transformation group, and for the symmetries τ and τ ′, and for the covering projection pi .
These are provided by Theorems 3.4 and 3.6.
We stress that it is the presence of symmetries what makes the search of algebraic models more involved than in
the classical context.
Let us first recall some facts concerning hyperelliptic complex curves of genus g ≥ 2. It is well known that such a
curve can be represented by the affine plane model
{(x, y) ∈ C2 : y2 = P(x)},
where P(x) is a monic polynomial of degree 2g + 1 or 2g + 2 without multiple roots. The fixed points of the
hyperelliptic involution, which in this model acts as (x, y) 7→ (x,−y), are the Weierstrass points of the curve, and the
first coordinates of the finite ones are the roots of P(x); therefore they determine a polynomial equation of the curve.
In the rest of this section, S will denote a hyperelliptic complex algebraic curve of genus g ≥ 2 and u a birational
automorphism of order two of S distinct to its hyperelliptic involution h. Also, S′ will denote the quotient curve S/〈u〉
and pi : S → S′ the associated double covering. In order to get defining algebraic equations of S and S′ we study now
the relation between the sets W (S) and W (S′) of Weierstrass points of S and S′ respectively. This last contains, often
properly, the image of W (S) under the covering pi : S → S′. In fact, the following holds:
Lemma 3.1. With the notations above, we have:
(i) The curve S′ is also hyperelliptic.
(ii) The set W (S′) of Weierstrass points of S′ is the union
W (S′) = pi(W (S) ∪ Fix(u ◦ h)).
Proof. It is easy to check that the equality h′ ◦ pi = pi ◦ h defines well an automorphism h′ of S′, which is in fact
an involution because h 6= u. Moreover, this equality also allows to define an obvious morphism from S/〈h〉 onto
S′/〈h′〉. Since S/〈h〉 has genus zero, the same holds true for S′/〈h′〉. This shows that S′ is hyperelliptic, and that h′ is
its hyperelliptic involution.
To prove part (ii) we calculate the fixed points of h′. Let p′ = pi(p) be a point in S′. Then
h′(p′) = p′ ⇐⇒ h′(pi(p)) = pi(p) ⇐⇒ pi(h(p)) = pi(p) ⇐⇒ p ∈ {h(p), (u ◦ h)(p)}.
This proves the equality in part (ii). 
Birational isomorphisms between hyperelliptic complex algebraic curves are closely related to automorphisms of
the Riemann sphere. We now recall how this relation works in terms of algebraic equations. Let
{(x, y) ∈ C2 : y2 = P1(x)} and {(x, y) ∈ C2 : y2 = P2(x)}
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be affine plane models of two hyperelliptic complex curves R1 and R2, respectively. The branch point set Bi of
Ri is defined to be the set of complex roots of the polynomial Pi plus ∞ if Pi has odd degree. Every birational
isomorphism ϕ : R1 → R2 induces a Mo¨bius transformation ϕ̂ : Ĉ→ Ĉ which maps B1 onto B2. In fact, ϕ̂ is defined
by ϕ̂ : pi1(p) 7→ pi2(ϕ(p)) where pii : Ri → Ĉ : (x, y) 7→ x . Moreover, the symmetry s of a real algebraic curve
(R, s) induces an antianalytic Mo¨bius transformation ŝ which preserves the branch point set of R.
Conversely, every Mo¨bius transformation m : Ĉ→ Ĉ which maps B1 onto B2 induces exactly two isomorphisms
ϕ1, ϕ2 : R1 → R2 such that ϕ̂i = m. Indeed, ϕ2 = ϕ1 ◦ h, where h is the hyperelliptic involution of R1. The precise
formulae of the liftings ϕ1, ϕ2 of m are given in [9].
More generally, any rational map between two hyperelliptic curves also induces a morphism of the Riemann sphere
onto itself defined in the obvious way. In particular, for the double covering pi : S → S′, we will denote by p̂i : Ĉ→ Ĉ
the 2:1 meromorphic function induced by pi.
We enter properly to describe algebraically the coverings studied from a combinatorial point of view in the previous
section. Recall that the algebraic genus of (S, τ ) is the genus of S.
Proposition 3.2. Let (S, τ ) be a hyperelliptic real algebraic curve of algebraic genus g ≥ 2, and let u be a birational
automorphism of order two distinct to the hyperelliptic involution h of S. Then, up to conjugation by a Mo¨bius
transformation, the induced involution û in C is given by
û : z 7→ −z.
Let τ̂ be the involution in C induced by τ . Then τ̂ is conjugate by a Mo¨bius transformation which commutes with û to
one and only one of the following:
τ̂1 : z 7→ z, τ̂2 : z 7→ 1z , τ̂3 : z 7→
−1
z
.
Proof. We may suppose, up to conjugation by a Mo¨bius transformation, that the fixed point set of û is {0,∞}. Then
û : z 7→ µz, and µ = −1 because û has order two.
Since u and τ commute the same holds true for û and τ̂ and so τ̂ ({0,∞}) = {0,∞}. This yields two possibilities.
If τ̂ (0) = 0 and τ̂ (∞) = ∞ then τ̂ (z) = λz for some λ ∈ C∗, and in fact, |λ| = 1 because τ̂ has order two. So λ = eiθ
for some θ ∈ R. In this case τ̂ is conjugate to τ̂1 by the Mo¨bius transformation m(z) = ze−iθ/2, which commutes with
û. On the other hand, if τ̂ (0) = ∞ and τ̂ (∞) = 0 then τ̂ (z) = λ/z for some λ ∈ C∗, and in fact, λ ∈ R∗ because τ̂
has order two. In this case the Mo¨bius transformation m(z) = z/√|λ| commutes with û and satisfies m ◦ τ̂ ◦m−1 = τ̂2
if λ > 0 and m ◦ τ̂ ◦ m−1 = τ̂3 otherwise.
To finish, observe that τ̂3 fixes no point and so it is conjugate neither to τ̂1 nor to τ̂2. The last two are conjugate but
not by a Mo¨bius transformation m which commutes with û. Assume, contrary to our claim, that m ◦ û = û ◦ m
and that m ◦ τ̂1 ◦ m−1 = τ̂2. The first equality yields m(0) ∈ Fix(̂u) = {0,∞} whilst the second yields
m(0) ∈ Fix(̂τ2) = {z : |z| = 1}. 
Notation 3.3. Proposition 3.2 allows us to assume that the induced involution û has the above form and τ̂ is one of
the τ̂i ’s. We will do so in the sequel. Moreover, we will say that (S, τ ) is of type i if τ̂ = τ̂i for i = 1, 2, 3.
We first consider those coverings pi : (S, τ )→ (S′, τ ′) where (S, τ ) is of type 1.
Theorem 3.4. Let pi : (S, τ )→ (S′, τ ′) be a branched, double covering where (S, τ ) is a hyperelliptic real algebraic
curve of type 1 and with algebraic genus g ≥ 2. Let u be the involution on (S, τ ) such that S′ = S/〈u〉. Assume that
u is not the hyperelliptic involution of S. Then, there exist δ, ρ ∈ {0, 1} and nonnegative integers r, s and t satisfying
g = 2r + s + t − 1 such that, up to dianalytic equivalence, the covering pi : (S, τ ) → (S′, τ ′) can be represented in
terms of algebraic equations as follows:
S : w2 =
r∏
j=1
(z2 − a2j )(z2 − a2j )
s∏
`=1
(z2 + b2`)
t∏
m=1
(z2 − c2m) and τ(z, w) = (z, (−1)ρw), (2)
where a2j 6∈ R, b`, cm ∈ R∗ for all j, `,m and such that all roots of the polynomial on the right-hand side of the
defining equation of S are simple. The involution u is given by
u : (z, w)→ (−z, (−1)δw) .
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For each set of values of δ, ρ, r, s, and t the covered curve (S′, τ ′) is given by
S′ : W 2 = Z δ
r∏
j=1
(Z − a2j )(Z − a2j )
s∏
`=1
(Z + b2`)
t∏
m=1
(Z − c2m), τ ′(Z ,W ) = (Z , (−1)ρW ),
and the covering projection is given by
pi : (z, w) 7→ (Z ,W ) = (z2, zδw).
Proof. We begin by showing that S and τ can be represented in terms of algebraic equations as in (2). By hypothesis,
τ̂ (z) = z. It is easy to check that there are five types of orbits of points α in Ĉ under the action of 〈̂u, τ̂ 〉. Namely
• the roots of (z2 − α2)(z2 − α2) if the 〈̂u, τ̂ 〉-stabilizer of α is trivial,
• the roots of (z2 − α2) if the 〈̂u, τ̂ 〉-stabilizer of α is 〈̂τ 〉, i.e., α ∈ R∗,
• the roots of (z − α)(z − α) if the 〈̂u, τ̂ 〉-stabilizer of α is 〈̂uτ̂ 〉, i.e., α ∈ iR∗,
• {0} if α = 0,
• {∞} if α = ∞.
Observe that if α = ib with b ∈ R∗ then (z − α)(z − α) = z2 + b2. So an equation for S has the form
S : w2 = zβ
r∏
j=1
(z2 − a2j )(z2 − a2j )
s∏
`=1
(z2 + b2`)
t∏
m=1
(z2 − c2m),
where β = 0 or 1, and a j , b` and cm are as in the statement. We have to show that β = 0. First, independently of the
value of β, the formula for the lifting τ of τ̂ is τ : (z, w) 7→ (z, (−1)ρw), as in (2). Secondly, if β = 1 then the lifting
u of û has the form u : (z, w) 7→ (−z,±iw), which does not commute with τ . So u would not be an automorphism
of the real algebraic curve (S, τ ). Whence β = 0 and (S, τ ) admits an equation as in (2); in particular, its algebraic
genus g satisfies g = 2r + s + t − 1.Moreover, u : (z, w) 7→ (−z, (−1)δw) for δ = 0 or 1.
In order to obtain a polynomial equation W 2 = P(Z) of S′ we calculate the set W (S′) of its Weierstrass points,
and for that we use Lemma 3.1. We first look for a formula of the 2:1 meromorphic function p̂i : Ĉ→ Ĉ induced by
pi . It follows easily that p̂i is constant on each 〈̂u〉-orbit. Since û : z 7→ −z we get that, after composing with a Mo¨bius
transformation if necessary, we may assume that p̂i : z 7→ z2. This suffices to compute pi(W (S)). Indeed, since
W (S) = {(±a j , 0), (±a j , 0), (±ib`, 0), (±cm, 0)}
we get
pi(W (S)) = {(a2j , 0), (a2j , 0), (−b2`, 0), (c2m, 0)},
where we have used that the second coordinate of a Weierstrass point is zero because it is fixed by the hyperelliptic
involution h. According to Lemma 3.1, to compute an equation of S′ it remains to find the finite fixed points of
u ◦ h : (z, w) 7→ (−z, (−1)δ+1w). If δ = 0 then u ◦ h fixes no point in S, whilst if δ = 1 then the only finite fixed
points of u ◦ h are (0,±w0) where w20 = (−1)t R2 with R ∈ R∗. Since pi(0,±w0) = (0, 0) we get that an equation
of S′ is
S′ : W 2 = Z δ
r∏
j=1
(Z − a2j )(Z − a2j )
s∏
`=1
(Z + b2`)
t∏
m=1
(Z − c2m).
So a formula for pi has the form pi(z, w) = (z2, f (z, w)) for some rational function f such that
f 2 = z2δ
r∏
j=1
(z2 − a2j )(z2 − a2j )
s∏
`=1
(z2 + b2`)
t∏
m=1
(z2 − c2m) = (zδw)2.
Hence, up to automorphism of S′,
pi : (z, w) 7→ (Z ,W ) = (z2, zδw).
Finally, the antianalytic involution τ ′ is determined by the equality pi ◦ τ = τ ′ ◦ pi , which yields
τ ′(Z ,W ) = (Z , (−1)ρW ) . 
2022 E. Bujalance et al. / Journal of Pure and Applied Algebra 212 (2008) 2011–2026
Remark 3.5. Observe that there are two formulae for the symmetry τ in the statement of Theorem 3.4, namely,
τ = τρ : (z, w) 7→ (z, (−1)ρ w) with ρ = 0 or 1. There are examples of complex curves S for which τ0 and τ1 are
conjugate within the automorphism group of S; so for these curves it would be unnecessary to deal with both τ0 and
τ1. However, this is not always the case, and in fact, we are going to show that if t is even and the Weierstrass points of
S are in general position, then the curves (S, τ ) with, e.g. τ = τ0 cannot be avoided in the statement of Theorem 3.4.
Recall that the Weierstrass points of S being in general position means that (S, τ ) has no more automorphisms than
those in 〈u, h〉.
To obtain a contradiction, suppose that there exists an isomorphism f : (S, τ0) → (S1, τ1) where the equations of
S and S1 have the form required in Theorem 3.4.
The automorphism f ◦ u ◦ f −1 coincides with the automorphism u of S1 and so f̂ ◦ û ◦ f̂ −1 = û. This implies
f̂ ({0,∞}) = {0,∞} and so either f̂ (z) = λz or f̂ (z) = λ/z for some λ 6= 0.
On the other hand, f ◦ τ0 ◦ f −1 = τ1 and so f̂ ◦ τ̂0 ◦ f̂ −1 = τ̂1 = τ̂0. This means that λ is a real number, and this
discards the possibility f̂ (z) = λz. Indeed, a lifting of such a transformation has the form f : (z, w) 7→ (λz, λg+1w),
which does not satisfy f ◦ τ0 ◦ f −1 = τ1. So f̂ (z) = λ/z. In this case, its liftings from S onto S1 have the
form
f (z, w) =
(
λ
z
,± Rw
√
(−1)t
zg+1
)
,
where R = ∏rj=1 |a j |2∏s`=1 b`∏tm=1 cm, which is a nonzero real number. It turns out that if t is even then
f ◦ τ0 ◦ f −1 6= τ1, which proves our claim.
We point out that without the assumption about the general position of the Weierstrass points of S, the argument
above fails, and in fact we can construct examples of curves (S, τ0) which are isomorphic to some (S1, τ1).
In relation to this, if t is odd and with any position of the Weierstrass points, then the above f satisfies
f ◦ τ0 ◦ f −1 = τ1 and so it is an isomorphism between the corresponding real algebraic curves (S, τ0) and
(S1, τ1). Thus, under the condition t odd, the real curves (S, τρ) with ρ = 1 can be avoided in the statement of
Theorem 3.4.
We now consider simultaneously those coverings pi : (S, τ ) → (S′, τ ′) where (S, τ ) is either of type 2 or of
type 3. To abbreviate, let us define β = 0 if (S, τ ) is of type 2 and β = 1 if (S, τ ) is of type 3. In other words,
τ̂ (z) = (−1)β/z. With this notation we have the following theorem:
Theorem 3.6. Let pi : (S, τ )→ (S′, τ ′) be a branched, double covering where (S, τ ) is a hyperelliptic real algebraic
curve either of type 2 or of type 3 and with algebraic genus g ≥ 2. Let u be the involution on (S, τ ) such that
S′ = S/〈u〉. Assume that u is not the hyperelliptic involution of S. Then, there exist δ ∈ {0, 1} and nonnegative integers
r and t satisfying g = 2r+ t−1 with g odd such that, up to dianalytic equivalence, the covering pi : (S, τ )→ (S′, τ ′)
can be represented in terms of algebraic equations as follows:
S : w2 =
r∏
j=1
(z2 − a2j )(z2 − 1/a2j )
t∏
`=1
(z2 − b2`) and τ(z, w) =
(
(−1)β/z, w/zg+1
)
, (3)
with |b`| = 1 and such that all roots of the polynomial on the right-hand side of the defining equation of S are simple
and their product equals 1. The involution u is given by
u : (z, w)→ (−z, (−1)δw) .
For each set of values of δ, r and t the covered curve (S′, τ ′) is given by
S′ : W 2 = Z δ
r∏
j=1
(Z − a2j )(Z − 1/a2j )
t∏
`=1
(Z − b2`) and τ ′(Z ,W ) =
(
1/Z , (−1)βδW/Z δ+(g+1)/2
)
,
and the covering projection is given by
pi : (z, w) 7→ (Z ,W ) = (z2, zδw).
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Proof. In this case there are three types of orbits of points α in Ĉ under the action of 〈̂u, τ̂ 〉. Namely:
• the roots of (z2 − α2)(z2 − 1/α2) if the 〈̂u, τ̂ 〉-stabilizer of α is trivial,
• the roots of (z2 − α2) if the 〈̂u, τ̂ 〉-stabilizer of α is 〈z 7→ 1/z〉, i.e., |α| = 1,
• {0,∞} if the 〈̂u, τ̂ 〉-stabilizer of α is 〈̂u〉, i.e., if α = 0 or∞.
So an equation for S has the form
S : w2 = zs
r∏
j=1
(z2 − a2j )(z2 − 1/a2j )
t∏
`=1
(z2 − b2`)
where s = 0 or 1, and a j , b` are as in the statement. In fact, s = 0 since otherwise the formula for the lifting u of û
has the form u : (z, w) 7→ (−z,±iw), which does not have order 2. Whence S admits an equation as in (2) and its
genus g satisfies g = 2r + t − 1.
We claim that g is odd. This is a consequence of the fact that u is an automorphism of the real curve (S, τ ), which
means that u commutes with τ . Indeed, we observe first that the formulae of the liftings of û and τ̂ are
u : (z, w) 7→ (−z, (−1)δw) and τ : (z, w) 7→ ((−1)β/z, eiθSw/zg+1) ,
where δ, β ∈ {0, 1} and e2iθS is the product (−1)t ∏rj=1 a2j/a2j ∏t`=1 b2` .With these formulae at hand, it is immediate
to check that u ◦ τ = τ ◦ u if and only if (−1)g+1 = 1, which proves our claim. Observe that, in particular, t is even.
In what concerns the equation of S it only remains to get the condition
r∏
j=1
a2j/a
2
j
t∏
`=1
b2` = 1.
This can be achieved by rotating the branch points an appropriate angle θ . Indeed, we can choose θ = −θS/(g + 1).
The rotated branch points α j = a jeiθ and β` = b`eiθ satisfy the condition∏rj=1 α2j/α2j ∏t`=1 β2` = 1. They are also
permuted by û since the rotation z 7→ zeiθ commutes with û. Therefore, we may assume from the beginning that S
can be represented as in (3).
The rotation z 7→ zeiθ also commutes with τ̂ : z 7→ (−1)β/z, and so the symmetry τ in S is one of its two liftings.
From the equation of S it follows easily that such liftings are τ ∗ and τ ∗ ◦ h, where
τ ∗ : (z, w) 7→
(
(−1)β/z, w/zg+1
)
.
If τ = τ ∗ then the claim concerning the algebraic equations of S and τ is proved. If not, we choose p j = a jeipi/(g+1),
q` = b`eipi/(g+1) and substitute the real algebraic curve (S, τ ∗ ◦ h) by (T, τ ∗) where
T : w2 =
r∏
j=1
(z2 − p2j )(z2 − 1/p2j )
t∏
`=1
(z2 − q2` ) = PT (z).
Indeed, these two real algebraic curves (S, τ ∗ ◦ h) and (T, τ ∗) are isomorphic via (z, w) 7→ (zeipi/(g+1), w). Observe
that |q`| = 1 and all roots of the polynomial PT are simple, with their product equals to 1.
Once we have the real algebraic curve (S, τ ) and the automorphism u represented as in the statement of the theorem,
we look for a polynomial equation W 2 = P(Z) of S′. Repeating the arguments in the proof of Theorem 3.4, it is easy
to obtain formulae for both the curve S′ and the covering projection pi : S → S′. These are proved to be
S′ : W 2 = Z δ
r∏
j=1
(Z − a2j )(Z − 1/a2j )
t∏
`=1
(Z − b2`) and pi : (z, w) 7→ (Z ,W ) = (z2, zδw).
Finally, the equality pi ◦ τ = τ ′ ◦ pi yields
τ ′(Z ,W ) =
(
1/Z , (−1)βδW/Z δ+(g+1)/2
)
. 
Remark 3.7. A hyperelliptic real algebraic curve (S′, τ ′) is a double covering of the real projective plane if τ̂ ′ is
conjugate to the antipodal map z 7→ −1/z. Theorems 3.4 and 3.6 show that this is not the case for τ̂ ′ and so we
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conclude that double coverings of the projective plane do not occur as doubly covered curves by hyperelliptic real
algebraic curves.
With the algebraic formulae obtained in Theorems 3.4 and 3.6, all topological features and ramification data of
double coverings can be explicitly described. It is well known that the topological type of a hyperelliptic real algebraic
curve (R, s) is almost determined by the number of branch points of R fixed by the involution ŝ induced by the
symmetry s, see [9, Props. 3.4 and 5.1]. This way it is possible to describe, in terms of its algebraic equation, the
topological type of each curve occurring in Theorems 3.4 and 3.6. We do not develop this approach here since this
question was completely solved with the combinatorial approach. Instead, we determine the ramification data of each
covering. We just develop in detail the case of curves of type 1, treated in Theorem 3.4, but the same applies to curves
of type 2 and 3.
3.8. Using algebraic equations to describe the ramification data
Let pi : (s, τ ) → (S′, τ ′) be a double covering where (S, τ ) is of type 1. Since the branching order at each branch
point in (S′, τ ′) is two, to determine the ramification data amounts to calculating the number of branch points and
finding their relative position with respect to the fixed point set of τ ′. Observe that there is a one to one correspondence
between ramification points in S and branch points in S′.
The ramification points (if any) are the fixed points of the automorphism u. Its formulae u = uδ : (z, w) 7→
(−z, (−1)δw) in the affine model we are dealing with, shows that if δ = 1 then there is no finite fixed point
while if δ = 0 then u fixes (0,±w0), where w20 = PS(0) (PS is the polynomial in the right-hand side of the
defining equation of S). To deal with the points at infinity we change the affine model. The birational transformation
f : (z, w) 7→ (1/z, w/(w0zg+1)) changes the original model S to
S1 : w2 =
r∏
j=1
(z2 − 1/a2j )(z2 − 1/a2j )
s∏
`=1
(z2 + 1/b2`)
t∏
m=1
(z2 − 1/c2m).
The points at infinity on S are mapped by f onto the finite points (0,±1/w0) of S1. Hence the former are ramification
points in S if and only if (0,±1/w0) are fixed points of f ◦ u ◦ f −1. It is easy to check that this happens if and only
if δ + g is odd.
Consequently, in case g is even then the double covering pi : S → S′ ramifies over two points in S′, whilst in case
g is odd then it ramifies over four points if δ = 0 and it is unramified if δ = 1. Observe that these are points in the
complex curve S′, and we are dealing with the real curve (S′, τ ′). It might happen two of these points to yield the
same point in the real curve. Here we identify the real curve (S′, τ ′) with the quotient Klein surface S′/〈τ ′〉. In fact,
interior branch points in the real curve (S′, τ ′) correspond precisely to pair of branch points in the complex curve S′
which are interchanged by τ ′, whilst boundary branch points correspond to points fixed by τ ′.
With the formulae of pi and τ ′ at hand, and changing the affine model to study points at infinity if necessary, it
is straightforward to determine the relative position of the branch points with respect to the boundary of (S′, τ ′). We
develop an example.
Assume that δ = 0 and g is odd. Then the four branch points in S′ are pairwise interchanged by τ ′ if ρ = 1 and t
even. This yields two interior branch points and no boundary branch point in (S′, τ ′). We will represent this situation
saying that the covering has ramification data [2, 2]; (−). The interpretation of the proper and link periods of the
signature of an NEC group as branching orders over interior and boundary points respectively justifies this notation.
On the other hand, with the same values of δ and g, the four branch points in S′ are fixed by τ ′ if ρ = 0 and t even,
yielding four boundary branch points in (S′, τ ′).
We further determine the position of these four points in the different boundary components of (S′, τ ′). For these
values of δ, g and t the polynomial PS′ in the right-hand side of the defining equation of S′ has an even number s + t
of real roots, all of them nonzero. Since ρ = 0, the fixed point set of τ ′, that is, the boundary of (S′, τ ′), consists (in
the affine plane) of the points of the curve W 2 = PS′(Z) whose coordinates are real numbers. We distinguish cases
according to the values of s and t.
Drawing the ovals of this real curve in the affine plane we see that if st 6= 0 then the two branch points (0,±w0) lie
on the same oval (a bounded one) whilst the two branch points at infinity lie on the unbounded oval. We will represent
this situation saying that the covering has ramification data [−]; (2, 2), (2, 2). If s = 0 < t or s > 0 = t then the four
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Table 1
Ramification data for coverings in Theorem 3.4
Conditions Ramification data
δ = 0, g even, ρ ≡ t (mod 2) [−]; (2, 2)
δ = 0, g even, ρ 6≡ t (mod 2) [2]; (−)
δ = 0, g odd, t odd [2]; (2, 2)
δ = 0, g odd, t even, ρ = 1 [2, 2]; (−)
δ = 0, g odd, t even, ρ = 0, st 6= 0 [−]; (2, 2), (2, 2)
δ = 0, g odd, t even, ρ = 0, st = 0, s + t 6= 0 [−]; (2, 2, 2, 2)
δ = 0, g odd, t even, ρ = 0, s = t = 0, g ≡ 1(mod 4) [−]; (2, 2, 2, 2)
δ = 0, g odd, t even, ρ = 0, s = t = 0, g ≡ 3(mod 4) [−]; (2, 2), (2, 2)
δ = 1, g even, ρ = 0 [−]; (2, 2)
δ = 1, g even, ρ = 1 [2]; (−)
δ = 1, g odd [−]; (−)
branch points lie on the same unbounded oval; in this case we say that the covering has ramification data (2, 2, 2, 2).
Finally, if s = t = 0 then the affine real part of the curve consists of two unbounded ovals, symmetric with respect to
the real axis, and each one containing two of the branch points. However, these two “affine” ovals may yield just one
oval of the (projective) real curve. Indeed, Fix(τ ′) has one or two connected components according to r being odd
or even, see [9, Prop. 3.4]. Therefore in this case the covering has ramification data (2, 2, 2, 2) if g ≡ 1(mod 4) and
(2, 2), (2, 2) if g ≡ 3(mod 4).
A similar reasoning yields the ramification data corresponding to the other values of δ and g. We summarize the
results in Table 1.
3.9. Double coverings of elliptic curves
We are assuming throughout the paper that u does not coincide with the hyperelliptic involution h of S. Otherwise,
the quotient S′ = S/〈u〉would be the Riemann sphere. Observe that the converse is also true since it is well known that
h is the unique involution of S which yields a double covering of the Riemann sphere. However, it might happen the
action of 〈u〉 to yield a genus one quotient with u 6= h. Our description of coverings by means of algebraic equations
allows us to find all the cases in which this phenomenon occurs.
Let g′ be the genus of S′ and suppose first we are dealing with curves (S, τ ) of type 1. Then
deg PS′ = δ + 2r + s + t = δ + g + 1 = 2g′ + µ
where µ = 1 or 2. Therefore g′ = 1 if and only if δ + 2r + s + t = 3 or 4. Counting the number of branch points of
S′ fixed by τ̂ ′ : z 7→ z we get from [1, Thm. 17.20] that if s + t = 1 or 2 then (S′, τ ′) is a Mo¨bius strip, if s + t = 3
or 4 then (S′, τ ′) is a closed annulus, and if s + t = 0 then (S′, τ ′) is either a Klein bottle if ε = 1 or a closed annulus
if ε = 0.
As to the curves (S, τ ) of types 2 and 3, the branch points of S′ fixed by τ̂ ′ : z 7→ 1/z are those of unitary modulus,
and with the notations in Theorem 3.6, its number is t . In this case
g′ =
{
(g − 1)/2 if δ = 0,
(g + 1)/2 if δ = 1
with g = 2r + t − 1. So g′ = 1 if and only if g = 3 and δ = 0, and so t attains the values 0, 2 and 4. Again from
[1, Thm. 17.20], it follows that if t = 4 then (S′, τ ′) is a closed annulus, while (S′, τ ′) is a Mo¨bius strip if t = 2. The
last case t = 0 is more involved: (S′, τ ′) is a Klein bottle if τ ′ fixes no point of S′ and a closed annulus otherwise. In
this case we have
S′ : W 2 =
2∏
j=1
(Z − a2j )(Z − 1/a2j ) with a21a22 = a21a22 and τ ′(Z ,W ) =
(
1/Z ,W/Z
2
)
.
After some computations it follows that if a21a
2
2 < 0 then τ
′ fixes no point in S′ and so (S′, τ ′) is a Klein bottle, whilst
if a21a
2
2 > 0 then (S
′, τ ′) is a closed annulus.
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